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Analjfsis of Helicopter Aeroelastic Characteristics in

" High-Speed Flight

WALTER GERSTENBERGER* AND Epwarp R. Woobt
United Aircraft Coporation, Stratford, Conn.

Described is a general analytical method, which can be used for performance, stress, and
vibration studies of helicopters and VTOL~type aircraft. The analysis is well suited for high-
speed investigation, and applications are given for a helicopter in the flight regime from 80 to
160 knots. A sample problem is carried out at 150 knots. A rapidly convergent iterative pro-
cedure, which takes into account blade stall, is used to put the rotor in trim. Blade elemental
lifts and drags are computed using wind tunnel airfoil data. Mach number effects are in-
cluded. Blade motions are coupled to the aerodynamic excitation. Rotor blade dynamics
are determined using a set of complex equations based upon an extension of Myklestad’s
analysis for rotating beams. The analysis assumes the blade infinitely rigid in torsion and
takes into account 24 flatwise and 24 edgewise degrees-of-freedom with coupling due to built-
in twist. There are provisions for handling rotor and propeller blades of all types: rigid,
teetering, and articulated. Dynamics of the flexible blade are ‘““married’® to dynamics of the
fuselage by matching blade root impedance to fuselage impedance at the rotor head. The
resulting calculation gives the coupled blade-fuselage dynamic response at a particular

airspeed.
Nomenclature O’ = cos(ny) component of blade pitch angle
) after the ¢th iteration
ap = rotor angle of attack, positive for forward My = total moment of thrusts about the flapping
tilt of the tip-path plane hinge at a .particular azimuth position
Dr = rotor drag after the ith iteration
Dp = fuselage parasite drag Mt = steady component of blade thrust moment
Wr = gross weight of helicopter after the 7th iteration
T = total rotor thrust : Mt = sin(ny) component, of blade thrust moment
v; = induced inflow velocity at rotor blade after the 7th iteration
Ar = inflow ratio M, = cos(ny) ecomponent of blade thrust moment
Q = rotor angular velocity after the 7th iteration
v = true airspeed of helicopter along flight path p = mass density of air
R = blade radius from axis of rotation Cn = blade-section chord at the nth blade station
“ = tip-speed ratio (V cosay/QR) Ur = component of resultant velocity at blade
b = number of rotor blades element, which is perpendicular to blade-
e = distance from flapping or drag hinge to axis span axis and to axis of rotation
of rotation ) Up = component of resultant velocity at blade
T = distance of blade element from the axis of element, which is perpendicular to blade-
) rotation span axis and to Uy
F = distance from flapping hinge to location of Vs = velocity of sound
blade element ¢ = inflow angle at blade element
Fr = distance from flapping hinge to location of 8z = twist at blade element, measured from 0.7R
resultant steady thrust vector where 8y = 0
R = distance from flapping hinge to tip of rotor o = blade element angle-of-attack
. blade CL = gection two-dimensional lift coefficient
Bo = rotor coning angle as related to the rotor tip- Co = section two-dimensional drag coefficient
path plane F. 4+ jfn = aerodynamic lift force acting on the nth
¥ = blade azimuth angle, measured from down- blade element for a particular frequency
wind position in direction of rotation component, F, sinwt + f,. coswt
0yt = blade pitch angle at particular azimuth Dy, + jdn = aerodynamic drag force acting on the nth
position after the <th iteration; repre- blade element for a particular frequency
sentative blade radius is taken at 0.7R component, D, sinei + d, coswl
B,* = steady component of blade pitch angle after T, = cenfrifugal tension force acting on the nth
the sth iteration blade element, measured in a plane per-
s’ = sin(ny) component of blade pitch angle after pendicular to the axis of rotation
the th iteration S.F = flatwise shear force acting on the nth blade
element, measured parallel to the axis of
- rotation
Presented at the IAS 31st Annual Meeting, New York, Janu- S.F = edgewise shear force acting on the nth blade
ary 21-23, 1963; revision received June 26, 1963. The method element, measured perpendicular to the
of analysis and data presented in this paper are the results of a blade-span axis and to axis of rotation
three-year group effort in the Technical Branch at Sikorsky M = mass of nth blade element
Aircraft. Credit for this work should be shared by the authors w = frequency
with K. D. Hilzinger and J. M. Moreno. K. D. Hilzinger was Zn = flatwise displacement of nth blade station
closely involved in setting up and checking the analysis. J. M. Xa = edgewise displacement of nth blade station
Moreno was responsible for computer programing and numerical C. = flatwise aerodynamic damping constant for
analysis. Analytical development of the fuselage and coupling ) the nth blade station
relationships was done by V. J. Rosa. M.F = flatwise bending moment at nth blade station
* Assistant Chief Engineer, Sikorsky Aircraft Division. M,E = edgewise bending moment at nth blade
Asgsociate Fellow Member ATAA. station
t Assistant Head, Dynamics Section, Sikorsky Aircraft 6.7 = flatwise slope of the elastic axis at the nth

Division. Member ATAA.

blade station
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0% = edgewise slope of the elastic axis at the nth were made of each singly, or, at best, a combination of two at
blade station ) ] ] a time. Problems in each area are sufficiently complex to
vu,g,V,U,G = blade slope and deflection relationships, warrant further studies. Such studies may determine
1ncéud1ng coupling dﬁe to twist; these are whether a simpler or more detailed approach can be used
Zp.00F defined in Appendix for a desired accuracy, but this is difficult to predict. A good
) ) 3 3 b 3
Mo* SgF — flatwise displacement, slope, moment, and example Is the problem .of defining the rotor’s induced flow
shear at blade tip, respectively ﬁe.Id during low-speed flight. Here, a more accurate deter-
Xr1,07F, mination is sorely needed to help define one of the roughest
M7E S = edgewise displacement, slope, moment, and regimes of the helicopter as well as to shed light on the causes
shear at blade tip, respectively of peculiar control stick gradients and handling qualities.
Zy...8& = same as above, corresponding flatwise and Using high-speed digital computers, the scientist today can
edgewise values for blade root probe into areas previously inaccessible through the use of
70 on = ﬂatznsgez, fedgewxse blade root displacements slide rules and hand computation. With modern com-
at n{ frequency o . . ; i
SomiSton — flatwise, edgewise blade root shears at nQ puters it is possible to _conmder all threfe previously men
frequency tioned areas of the helicopter aeroelastic problem simul-
X,Y,Z = displacements at the center of the rotor head t?rtleotuSIY: 'ThzthIflOWiI(ljg diSCUSSiOI} will tdesfribf a met{l(’d
in the fixed coordinate system of determining the forced response of a rotor-fuselage system
O, dr,¥r = rotations at the center of the rotor head in the under the influence of aerodynamic exciting forces in high-~
fixed coordinate system speed flight.
Sl:S%SZZ )
MMy M. = ding fixed t f s and -
M gy, M 2 co;rlzslﬁcs)n ing fixed system forces and mo Approach to the Problem
[Bs] = blade amplitude and moment coefficients The general helicopter aeroelastic problem can be sub-
at root .. B : . . .
{10} — blade amplitude and moment response at divided 1I}to five major ca.tegorles, as shovyn by Fig. 1. Thesp
root ‘ are 1) air mass dynamics, 2) calculation of aerodynamic
{Zr} = total fuselage response at hub loads, 3) rotor blade dynamics, 4) blade-fuselage coupling,
[R] = unit fuselage hub responses and 5) fuselage dynamics. The description of analysis,
[v] = coordinate transformation, fixed to rotating which follows, treats these topies in this order. The method
system v is general and may be used to explore effects of flight, rotor,
{Sr} = forces and moments at hub i fixed system blade, and fuselage parameters on resulting blade motions,
[‘}\S]’ B fﬁr(ée tfﬁnsforx;xatlo?, rotating to fixed system blade stresses, fuselage vibrations, and performance of an
in;’} _ bli dg zi;a:;Slitrtfges and slopes articulated, teetering, or rigid rotor system. )
_ . For an example, a conventional helicopter with fully
[Col blade shear coefficients at root " ble, 4 4 v
{an,} = force constants, blade amplitude, and mo- articulated rotor head is cqnsxdered._ The gross we}gh§, drag,
ment equations speed, rotor angular velocity, quasi-steady state airfoil char-
{as} = force constants, blade shear equations acteristics, structural stiffnesses, and mass distributions must
al = coupled force equations be defined.
(4] = coupled blade equations The rotor disk is considered to be moving at the proper

Introduction

HE modern helicopter has reached the present state-of-
the-art without waiting for a complete definition of its
aerodynamic and dynamic characteristics. Instead, it has
been designed by extrapolation of existing parameters, then
allowed to prove itself by thorough flight test and develop-
ment programs. '
Of the three major areas of the aeroelastic problem (aero-
dynamics, blade dynamics, and fuselage dynamics), studies

'
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ROTOR BLADE DYNAMICS
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BLADE-FUSELAGE COUPLING

FUSELAGE DYNAMICS

Fig. 1 Statement of the problem.

forward tilt to provide enough propulsive force to overcome
the net drag of the aircraft. Tt must also support the air-
craft, and there must be sufficient cyeclic pitch to keep the
rotor in equilibrium. Certain simplifying assumptions are
made to initiate the calculation, such as the approximate
coning angle, an estimate of the rotor drag, and an estimate
of the radial position of the resultant thrust vector. These
approximations do not affect the final accuracy, for if they
are too far in error, this can be remedied by a second or third
iteration.

For a high-speed condition, constant inflow is taken. The
blade is subdivided into 24 elements. For each of 36 10°-
azimuth intervals, the blade is considered set at two blade
angles. These angles bracket the expected blade angles.
Blade-element aerodynamic lifts are then computed, from
which the moment of the thrust about the flapping hinge is
calculated as a function of blade angle and azimuth position.
Stall and reverse flow effects are taken into account by using
two-dimensional airfoil data for angles-of-attack to 360°.
The cyclic pitech necessary to maintain the rotor system in
equilibrium is then calculated by an iteration to enforce
the condition that the first-harmonic thrust moment about
the flapping hinge is zero.

Final determination of cyclic pitch yields angle-of-attack
distribution, rotor drag, power required, location of resultant
thrust vector, thrust moments, and resolved thrusts and drags
on 24 blade elements for 10°-azimuth intervals. A har-
monic analysis is performed on this loading, and the steady
plus the first 11 harmonics of blade loading (thrust and
drag) are obtained in complex form.

Harmonics of the airload caleulation now are introduced
into the blade dynamic analysis. These harmonics give
rise to vibratory responses of the blade. Since the blade
is restrained at the root, the blade responses result in root
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shears, which feed from the rotor head into the fuselage as
vibratory shears and moments. As the forces go from the
rotating to the fixed fuselage system, the rotor system tends
to act as a filter. For an n-bladed rotor system, the primary
frequency that filters through is that at n/rev. It can be
shown that n/rev fuselage vibrations in the fixed system are
the result of n — 1, n, and n - 1/rev vibratory response of
the blades in the rotating system.

Analysis for flexible blade dynamics is based upon an
extension of Myklestad’s analysis for rotating beams.?
There is provision for up to 24 flatwise and 24 edgewise
degrees-of-freedom with coupling due to twist. Equations
are in complex form to allow for aerodynamic damping and
phasing of aerodynamic loads. Boundary conditions at the
tip of the blade require that shear and moment are zero.
One of the boundary conditions at the root of the blade is that
the moment about the flapping hinge is zero. The moment
about the drag hinge is made equal to the damper coefficient
times the angular velocity of the blade about the drag hinge.
The other boundary conditions involve relationships be-
tween forces in three directions and their respective displace-
ments, and moments about three perpendicular axes and
their rotations. Dynamics of the flexible blade are coupled
to dynamics of the fuselage by matching blade impedance to

V) AERODYNAMIC VIBRATORY LOADS
// Lope Ya

Z, BLADE
| ROOT
S

BLADE ELASTIC AXiS

TAIL PYLON
ANGLE

Fig. 2 Coupled blade-fuselage dynamic analysis.

Rotor Blade Dynamic Analysis

1) Based on extension of Myklestad’s analysisfor rotating beams.

2) Provides 24 flatwise and 24 edgewise blade degrees-of-freedom with
coupling due to twist. Caninclude torsion.

3) Has provision for variable boundary conditions—easily amended for
handling teetering or cantilevered blades.

4) Canbe used for calculating vibratory response at a particular frequency.
total blade response, or blade natural frequencies.

5) Simulates blade elastic curve, in contrast to methods which divide blade
into rigid segments.

6) Has provision for a lag damper.

7) Aerodynamic damping included in the equations.

8) Allows for motion of rotor head.

"9) Can be used for finding the response of blade to arbitrary excitations,
such asstepped inputs.

10) TForced response analysis will yield flatwise and edgewise deflections,
slopes, moments, shears, and stresses at each of the 24 blade stations for
10°-azimuth intervals.

11) Equations are in complex form. This yields phasing when calculating
vibratory forced response of the blade at a particular frequency.

Blade-Fuselage Coupling

1) Dynamiecs of the flexible blade are ‘‘married’’ to dynamics of the fuselage
by matching blade root impedance to fuselage impedance at the rotor
head.

2) The ““heart” of this analysis consists of two coordinate transformations,
one relating forcesin the rotating system to forcesin the fixed system, the
other relating angular and linear displacements in the rotating system to
the fixed system.

3) Results of the calculation give the n/rev vertical and coupled-lateral-tor-
sion fuselage response at a particular airspeed.

4). Also, obtained is the n-1, n, and n + 1/rev flatwise-edgewise blade re-
sponse for that airspeed.

Fuselage Forced Response Analysis

1) Based on a direct inverse solution of the dynamic matrix.

2) Will handle up to 70 degrees-of-freedom.

3) Has provision for calculating the forced response due to any vibratory
force or moment at any fuselage station or any combination of forces or
moments.

4) Structural damping may beincluded.’
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fuselage impedance at the rotor head. Fuselage impedance
is obtained by a forced response analysis at the nth harmonie
frequency. Since three frequencies are considered on the
blade (n — 1, n, » + 1), and there are two blade equations
flatwise and two equations edgewise for each frequency, a
system of 12 complex simultaneous equations must be
solved. Blade-fuselage coupling is shown schematically in
Fig. 2.

For helicopter inflight blade studies, a total forced response
analysis of the blades is used. This analysis, by super-
position of 11 harmonies of vibratory response, yields flatwise
and edgewise deflections, moments, shears, and stresses at
each of 24 blade stations for 10°-azimuth intervals.

Calculations presented in this paper were done on an
IBM 7090 computer. Figure 3 shows a flow chart that
links the various sections of the analysis. This chart illus-
trates the machine procedure for combining each part of the
problem. Results of inflow calculations and two-dimen-
sional wind tunnel data are seen linked to rotor trim and
airload calculations. Airloads provide the excitation for
the rotor blade. Blade response, in turn, depends upon
boundary conditions that are dictated by hub impedance
relations. The resulting calculation gives the fuselage vibra-
tory response, and both individual harmonics and total
response of the blade.

Definition of Parameters

Before developing the method of aeroelastic analysis, first
define the basic parameters.f These specify the geometry
of the vehicle system and provide the framework upon which
the analysis is constructed. The parameters will be defined
for a specific example. This will serve to give more meaning
to the development of equations that follow.

Consider a five-bladed helicopter, flying in unaccelerated
level flight at a speed of 150 knots. Gross weight of the air-
craft is 18,600 Ib. Parasite drag on the fuselage is 870 lb,
based upon an equivalent flat plate area of 11.4 ft>. Rotor
radius is 28 ft and rotational speed is 222 rpm. This results
in a tip speed of 650 fps and an advance ratio of approxi-
mately 0.388.
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|

|
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Fig. 3 Block diagram for aeroelastic analysis.

1 The high-speed belicopter described herein will be referred
to as hsh. Parameters given are similar to those of the Sikorsky
high performance helicopter (hph). This helicopter was the
subject of a design study for the U. S. Army Transportation
Research Command and an American Helicopter Society
paper.41 :
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The helicopter considered has a fully articulated rotor
system. Flapping and lag hinges are coincident and located
12.625 in. from the center of rotation. Rotor disk solidity
is 0.086, which results in a blade chord of 18.25 in. for a uni-
form or nontapered blade. There is a lag damper with a
damping coefficient of 32,506 lb-in.-seec.

Rotor blades are of aluminum spar-type construction with
bonded metal pockets. With the exception of the root re-
gion, the blades are essentially uniform in structural and
weight properties. At the 509, radius point, values for flat-
wise and edgewise blade moments of inertia are 2.5 and 27 in.*,
respectively. Weight per unit length at this point is 0.5 Ib/in.
Airfoil cross section is an NACA 0012. The blade is twisted
—4°,  Also, for this blade, the elastic axis, center of gravity,
and aerodynamic center are coincident along the spar, located
at the quarter chord.

For calculation of aerodynamic loads, two-dimensional
airfoil data are used. Compressibility effects are taken into
account by using Cz vs « and Cp vs « curves for angles-
of-attack from 0 to 30°, defining a family of Cz, Cp curves
in 59, increments for Mach numbers up to 0.95. To define
stall regions above angles-of-attack of 30°, a single Cr vs «
and Cp vs a curve was taken from Ref. 13.

Dynamic response characteristics of the fuselage are given
in Table 1. Presented are responses at the rotor head to
5/rev unit shears and moments in the fixed coordinate system.
These were obtained by the method given in Appendix C.
Fuselage panel-point mass and stiffness properties are re-
quired to calculate the dynamic response of the airframe.
In the analysis to be described, blades are coupled to vertical
and coupled-lateral-torsion fuselage responses. The zeros,
which appear in Table 1, are due to decoupling of the vertical
from the lateral-torsion responses. Also, since the numbers
presented are real, no fuselage damping has been included in
the sample problem.

Part I:

Description of Analysis

Aerodynamic Solution

Induced Velocity

The aerodynamic analysis is initiated by solving for the
induced velocity through the rotor disk. For speeds above
100 knots, inflow is assumed constant over the rotor disk and
induced velocity calculated by Wheatley’s equation.®

Taking a tip-path plane coordinate system as a reference
for zero flapping (Fig. 4), calculations are started by assuming
rotor thrust normal to the tip-path plane. An estimate is
made for the presence of a force in the plane of rotation.
Corrections may be made by a second iteration. Solving for
rotor angle-of-attack,

_DPr+ De 870 + 220

ar = tan~ipEpt = Soo = = 45850 (1)

where

Dr = fuselage parasite drag, 1b

Dy = estimated rotor drag, Ib

Wr = gross weight of aircraft, 1b

Ly = lift on fuselage plus attached aerodynamic surfaces,

Ib

and rotor thrust 7’ becomes

_ Wr—Le _ 13,600

cosar  0.9968

The induced veloeity may now be determined as follows.
From Ref. 6,

= 13,6441b )

2Cr )

)\T = ,uSiIIOéT + ()\—TW
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Table 1 Fuselage rotor head response at 5/rev (1110 epm)

DISPLACEMENT OR ROTATION o
TO APPLIED LOAD OR MOMENT
X Y z Ok o | Ve
Z Sx 109385 0 |-217247] O [67.4804] O
B3[Sy[| o |532073 0 200203 © |-87227
gi Sz [-217247| 0 |103287| 0 |-659514 0
»%g Mxxi| O  [200203] 0 [379265| O |-013704
D|Myy[l67.4804] 0 |-659514) 0 |517107| 0
e Mzzfl O |-87227| 0O 013704 -0 |-012696

This equation can be solved rapidly by iterating, taking
Az as zero for the first iteration. For this sample problem,
there results Ay = 0.0382. From this the induced velocity
is readily obtained, since by definition

v; = NQR — V sinar = 4.58 fps (4)

Thrust Moment-Blade Angle Iteration

An interesting feature of this analysis, which will be de-
scribed in detail, is the method by which cyclic pitch is com-
puted. This is an iterative process in which there is set up a
plot of blade angle vs thrust moment for each azimuth posi-
tion. Blade cyclic is determined by repeatedly removing all
but the first harmonic from the eyclic pitch, and at the same
time insuring that there is no first-harmonic flapping by
forcing the first harmonic of the thrust moment to go to
zero. The condition for zero first-harmonic thrust moment
satisfies the boundary condition of no steady pitching or
rolling moment applied to the rotor head in fixed coordinates.

The computer method now used for placing the rotor in
trim is based on a graphical method developed earlier for
balancing cyelic pitch and thrust moments. This method,
given in Appendix A, is particularly useful in providing a
physical picture of requirements to be met by a rotor in
high-speed flight.

Continuing to initialize the calculation, approximate the
coning angle by assuming the thrust to act at 0.70 radius.
This is shown in Fig. 5. The approximate coning angle
determined by summing moments is

Fdw

=
~
|
OMM

()

sinBy =

e + 7)Qdm

OM%I SR

where b = number of blades, 7 = (r — ¢), and B = (R — ¢).

The numerator of this expression is the mean thrust mo-
ment required, M,. The problem is to find the steady and
cyclic blade angles necessary to produce the desired thrusts
and thrust moments to keep the rotor in trim.

FUSELAGE PLUS 2
ROTOR DRAG ~x

1| WEIGHT OF AIRCRAFT LESS LIFT ON
AERODYNAMIC SURFACES

Fig. 4 Tip-path plane system.
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N

T=rotor thrust

b=number of blades

/T/b

Bo
—_—N

Fig. 5 Diagram for approximate coning angle.
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Fig. 6 Blade element aerodynamics.

Assume values of blade angles, which can be generated
by cyclic pitch control of the helicopter. In other words,
assume a steady component and a first-harmonic cyclic pitch
such as given below:

Oy = O, + 61! sinyg 4 6! cosy

Refer to Fig. 6. With blade angles defined for each azi-
muth position, one can now calculate corresponding thrust
moments from the relation

r=R
My9) = 25 Leadr[Us? + Usl, [Ch, cosd — Cop sing )

r=e 2
(6)

where the subscript #» denotes the nth blade element. In
this expression,

Up = vicosfo + V sinar cosfy + V cosar cosy sinfBy  (7)
Ur

and blade element angle-of-attack is

Qr 4+ V cosar sing 8

ap = Oy + Br — ¢ )
where ¢ is the inflow angle, determined from
¢ = t&n‘l(Up/UT) . (10)
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Fig. 7 Cyclic pitch-thrust moment iteration.
with differential lifts and drags for the nth blade element:
al = (p/2)Credr{Up? + Ugz?la (11)
dD = (p/2)Cpc.dr[Up* + Uzrla (12)

For the coefficients of lift and drag, two-dimensional airfoil
data are used, Mach number being determined by

Mach no. = (Us? + UYLV, (13)

Thirty-six azimuth positions are taken to obtain accuracy
for the higher harmonics. These thrust moments will con-
tain first-harmonic components. It is necessary to remove
the first-harmonic components and refine the steady com-
ponent. This is done with the following equation:

AM = My? — Myt = =My + My® — M sing —
M;2cosy (14)

where
& =350°
Myt
1 ¥=0° 1
M, 36 (15)
and

¥ =350°
2. Mytsing
Myt=2¥=% 16
1 = (16)
¥ =350°
> Mylcosy
1o ¥=0°0 17
I‘llc 18 ( )
At this point it is necessary to calculate thrust moments for
another set of blade angles, slightly larger than the original
set. To determine change in thrust moment with small
change in blade angle, a second approximation to blade angle
is given by the following:

0,2 = 0,1 + (d64/0My)AM @18)

Blade angles at each azimuth position are next refined by
analyzing for the steady and first-harmonic components.
These values become the new cyclic pitch, since this is the
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type of control enforced by the helicopter swashplate. In
other words,

0y% = 062 + 01,2 siny + 6.2 cosy (19)

This iteration continues until the higher-harmonic content
of cyclic pitch and first-harmonie content of thrust moment
converge on zero. Figure 7 shows the results after the first
and last iterations. Illustrated is the 150-knot flight condi-
tion of the sample problem. The resulting two-loop Lissajou
figure approximates that of pure first- and second-harmonic
functions with a phase angle of about 25°. The 90 and
270° points would be vertically in line with each other, if
the thrust moment contained only second harmonic. The
amount of dissymmetry indicates the degree of third- and
higher-harmonic content present in the thrust moment.

The iteration has been found to converge rapidly at air-
speeds where the blade is relatively unstalled. As the blade
becomes progressively stalled, the number of iterations in-
creases. Referring to Fig. 7, as airspeed increases, the 90
and 270° points move to the left. This means the 90 and
270° thrust moments become progressively smaller for higher
airspeeds. Greater demand is placed on the rotor at other
azimuth positions to satisfy the mean thrust moment re-
quired.

With blade angles defined, final blade element lift and drag
forces are determined once more using two-dimensional air-
foil data. Forces are resolved into a steady and 11 harmonic
components. These may be expressed in complex form as
given below:

n=11

Fy=Fod 3 Qlfe — jFa)eim? 20)

n=1

All harmonics of these forces contribute to response of the
blade. But as forces go from the rotating to the fixed fuse-
lage system, the rotor system tends to act as a filter, and the
only harmonics that will combine when the five blades are
summed are the fourth, fifth, and sixth; ninth, tenth, and
eleventh; etc. Since the lower harmonics of blade loading
are considerably greater than the higher, experience has shown
that 5/rev vibration of the fuselage is most critical. For this
reason one need only consider the fourth-, fifth- and sixth-
harmonics of this five-bladed rotor system.

Rotor Blade Dynamies

Rotor blade dynamics are determined using a set of equa-
tions in complex form based upon an extension of Mykle-
stad’s analysis for rotating beams.® The coupled flatwise-
chordwise equations are designed to receive the individual
harmonices of lift and drag computed as just described. These
harmonics, which are of the form a, sin(ny) + b, cos(ny) re-
sult in separate complex vibratory blade responses, which are
finally superimposed to yield the total response of the blade
at 36 azimuth intervals. A tip-path plane coordinate system
is used. i

Figures 8a,b illustrate an element of the blade with the
dynamic forces and moments acting on it. Both flatwise
and edgewise projections are given.

Summing forces on this element, the centrifugal tension
will be given by

T, = T + mQ%, 21

Flatwise and edgewise shears may be written as
8.F = SF,q + mawZ, — jCwZ, + Fo + jfn (22)
S.E = 8B, + mau(w? + QX + D, +jd,  (23)

The term C,, represents the flatwise aerodynamic damping
on the blade element, and can be expressed by

C. = 5.73(chord) (.11 (/2)(@r.) (24)

HELICOPTER AEROELASTIC CHARACTERISTICS 2371
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Fig. 8a Blade element equilibrium; flatwise system.

Fig.8b Blade element equilibrium; edgewise system.

g

Y

Vibratory Chordwise
Force At Blade Root =
Dosin nat + docos nat

Fig. 8¢ Chordwise force rotating to fixed coordinates.

Real and imaginary flatwise and edgewise equations for
moment, slope, and deflection are the same. Writing the
real equations, one obtains

]‘InF = Mpn_,_l + SFn+1ln,n+1 - T7L+1(Zn+1 - Zn) (25)

gnF = 0Fn+1(1 + Tn+1uzz) + Tn+leEn+1uzx - MFn+lvzz -
JWEH_HUW —_ SFn_Huzz - SEn-}-luzz (26)

Zn = Zn+1 - onFln,n+1 + Tn+10Fn+1gzz + Tn+16En+lgzz -
AIFyH—luzz - IMEn—fluzx - SF"+1gzz - SE”+1921 (27)

]l'/[nE = MEn_H + SE7L+]Z7L,1’I+1 - TW—H(-Xn—H - Xn) (28)

OnE = eEn—H(l + Tn+1sz) + Tn+10Fn+1LTa:z -
I’l]_En+1V'1z - A/IF"_HVIZ - SEn+ll]x:c - SFﬂ+1sz (29)

KYnE = XEn+1 - HWLEln,n+1 -+ Tn+]0En+]Gzz +
Tn+1€Fn+lG:cz - iMEn+1Uzz - JWFn«}»lsz -
SEn+1Gza: - SFn-)—lze (30)

It will be noted that the coordinate system chosen is such
that flatwise and edgewise force and moment equations are
uncoupled. Coupling terms due to twist appear entirely
in the slope and deflection equations.

Before applying these equations to a specific blade-fuselage
system, consider their general form prior to substituting
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boundary conditions for either end of the blade. Integrating
blade elements from tip to root, the shears, moments, slopes,
and deflections at the blade root may be expressed in terms of
corresponding unknown tip values. For each harmonic an
8 X 8 matrix as shown below would result:

or

{fo} = [Dol{$e} + {an} (31b)

In Eq. (31), the subscript 0 denotes the root variable and
the subscript " the tip variable. Column matrices of shears,
moments, slopes, and deflections are complex, as is the force
or {ax} column matrix. Constants in the 8 X 8 blade
matrix, [Do], are also complex. These values result from
the integration and reflect frequency as well as blade mass
and stiffness properties.

In the case of coupled flatwise and edgewise vibrations,
four boundary conditions must be satisfied at each end of the
blade. Application of tip boundary conditions eliminates
four unknowns in Eq. (31). The resulting blade matrix
[Do] to be solvedis a4 X 4.

For conventional free-ended helicopter blades, tip shears
and tip moments are zero. Solution of the blade’s forced
dynamic response is obtained by 1) applying appropriate root
boundary conditions, 2) inverting the 4 X 4 complex blade
matrix, and 3) solving for unknown flatwise and edgewise
tip slopes and deflections.

Root boundary conditions are determined by 1) the root
construction of the blade (articulated, teetering, or rigid)
and 2) blade-fuselage coupling relationships. Rotor blades
are coupled to the fuselage by matching blade root im-
pedance to fuselage impedance through two transformations.
One relates moments and forces in the rotating system to
moments and forces in the fixed system. The other relates
angular and linear displacements in the rotating system to
the fixed system. Moments, forces, and coordinates to be
related depend upon the root construction of the blade.

To understand how blades are coupled to the fuselage,
first explore root conditions for the case of infinite rotor head
impedance. Here, blades are decoupled from the fuselage
and the root conditions depend only on blade root restraint.
Boundary conditions are given below for the articulated rotor
system considered here, i.e., the articulated blade with lag
damper:

Myr =0
ME — jCowslp® = 0

for all harmonies.

Zy =0
Xo=0 (32)

Blade-Fuselage Coupling

Consider the case where the fuselage impedance is not
infinite. Here, fuselage impedance must be matched to
the blade root boundary condition. The problem is compli-
cated by the transfer from rotating to fixed coordinates.
This transfer determines which blade harmonies must be
considered. Begin by looking at the relationship between
a vibratory force in a rotating system and the resultant excita-
tion in a fixed coordinate system. Take a simple example
as shown in Fig. 8c:

F, = D, sinn{t sinQt + dy cosnQt sinQt
Fo = (Dy/2) sin(n + 1)Qt — (dy/2) sin(n — 1)Q (33)
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Equation (33) shows that a fore and aft force at frequencies
of (n + 1)Q and (n — 1)Q results in the fixed coordinate sys-
tem from a vibratory inplane force at a frequency of nQ in
the rotating system. In other words, there is a +=1Q fre-
quency shift for inplane forces going from rotating to fixed

rSe” T rdy die dis du dis dis di dis] [ Sef 7 I oag? 7
M,yr o1 dos dos dos . . . M7 oo
0" s das . (e ang?
Z . zZ czo?
S | = e | T e (31a)
M ()E M TE aMOE
00E . . BTE OéﬁoE
L Xp 4 L. N N ¢ L age®

coordinates. Pitching and rolling moments are similar
rotating vectors and follow the same relationship. For
vectors normal to the plane of rotation, along the Z axis, it
can be seen that there will be no frequency change. Vertical
forees at the root of the blade and yawing moments are
examples of these vectors.

It can be shown for an n-bladed rotor system that, assuming
all blades see the same loading at the same azimuth position,
only the nQ frequency will be seen in the fixed system. As
just has been seen, this nQ frequency in the fixed system can
arise from either n — 1, n, or » 4 1 excitation in the rotating
system. To see why only nQ is filtered through, take b
blades and let nQ be the frequency:

Vertical Force

F,=7Fsinn) + F sinn(Qt + 2%') -+
F sinn(ﬂt + %’r) + ... (34a)
or
. 271 .
F.= 2 Fsinn| Qt + = (34b)
i=0

F, = bF whenn = b, 2b, 3), . . ., etc., otherwise, F, = 0.
The following applies to the five-bladed articulated heli-
copter:

1) Flatwise 4 and 6/rev blade root shears will feed into
the fuselage as 5/rev pitching and rolling moments.

2) Edgewise 4 and 6/rev shears produce fore and aft and
lateral 5/rev forces at the rotor head.

3) Flatwise 5/rev shears feed directly through into the
fuselage as a vertical 5/rev force.

4) Edgewise 5/rev blade shears apply a 5/rev yawing mo-
ment to the fuselage.

Figure 9 gives the coordinate system used for blade-fuselage

. coupling. The blade-fuselage coupling analysis is initiated

by determining the 4, 5, and 6/rev coupled flatwise-edgewise
blade dynamic response. Results of this blade analysis can
be set up in matrix form as shown below. The resulting
matrices are 12 X 12 and complex in form; subscripts refer
to the harmonics:

r Z94 7 r ar ZT4_ r 9
X By, : 0:0 00,7 e
My* ' X
Mof| | OniE | | oo
Zos Zors
X05 = I BT5F Argos
MouF| — 0 iBy:i O Xops + (35a)
Mos® i Ops® | |
Zw | | Z s
Koo 076" Qg
MO@F ’ 0 0 BOS XT(; J J
LMOGEJ L ins GTGE
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or X Ra:z R::y Racz C:c;v O:cy C:cz Sz
Y R,. R, R,, C,. Cy, Cy, N
{"70} = [Bo]{WT} + {ana} (35b) 7 _ R; RZZ Ri O:'c Cj; Cl SZ (392)
. E . 01«’ ¢xm d)a:y ¢zz ¢zx q)zy (ba:z Ma::v
Blade Amplitude and Moment quatlons b bus Dyy s Byo Byy Boa M,,
A similar matrix can be set up for the blade shear equations: ¥r Grr Py Pue Pan Doy e M.,
- So4F 9 r H o ZT4 T r = or
Sl N ) | {Zs} = [R1S4} (39)
0 '
0 ¢ P T:; ______ The rotor blades can now be ‘“‘married” to the fuselage and
S || TN Z s the resultant » — 1, n, and n + 1/rev blade responses deter-
Sos? 0 {Cu!i 0 Brs ets mined as follows.
= + ! (36a)
0 Xrs
0 ' OpsE | |- Marriage of Blades to Fuselage
EZZZ 0 0 e BZTZ; cta Blade Amplitude and Moment Equations
0 Xre {m} = [Bol{nr} + {om} (35)
L 0 4 L A L 0T6E | L o .
Blade Shear Equations
o (8o} = [Col{nr} + {ao} (36)
{8} = [Col{nr} + {aw) (36D) Fuselage Response
Blade Shear Equations {Zr} = [RI{Sr} (39
The next step in coupling blades to the fuselage is to relate Coupling Relationships
displacements in fixed fuselage coordinates to rotating blade (o) = [v1{Ze) (37)
root coordinates. Here, the assumption is made that the Mo = rhar
helicopter is in steady-state forward flight and each blade {8z} = [A1{Sp} (38)

sees the same instantaneous load when at the same azimuth

position. Converting displacements, one obtains
o 0 0 0 —je/2) e/2 0 X
ot 3 30 0 0 0 Y
Nos | _ 0 01 0 0 0 A
s |1 0 00 0 0 efl| 6, | B
os 0 0 0 je/2 e2 0] ¢
$os -2 30 0 0 0 ¥
or
{m} = [v1{Z#} (37b)

where [v] is the transformation relating displacements in the
fixed X, Y, Z system to displacements in the moving ¢, 7
system. Here, X, Y, Z, 0r . . . is of the form a + b =
a sindy + b cosby, ete., and, 9o, $ot, N0s . . . Is of the form
¢+ dj = csindy + d cosdy, ete.

Similarly, forces in the rotating blade coordinate system
may be related to forces in the fixed fuselage system by means
of the following transformation:

Sz 0 %.7 0 0 0 _%J Svm
s, o 200 o & ||s
S, l=lo 0 50 o o0 ||s,
M., 56 0 0 0 —gej 0 || Sn | (5%
My, 3¢ 0 0 0 z¢ 0 mos
7 0 0 035 0 0 ]| S
or
{SF} = [)\]{Sno} (38b)

where [A] is the transformation relating forces in the rotating
¢, 1 system to forces in the fixed X, Y, Z system; where
S:, Sy . . .1s of the form a + b = a sinby + b coshy, ete.;
and Sy, Sz, - - - 1s of the form ¢ + dj = ¢ sind + d cos4y,
ete.

Impedance of the rotor head is determined by treating the
fuselage as a classical multi-degree-of-freedom system. A
standard Lagrangean approach is used to obtain the vertical
and coupled-lateral-torsion vibratory response. This will
be discussed in more detail in the next section. Applying
unit vibratory forces and moments to the rotor head at n/rev
in fixed coordinates yields the response matrix [R]:

therefore,

{m} = [7][13][?\] [Col{ns} + 7 HRIIN] ceso}
Bol{nr} = [Y1IRIIN][Col{nr} + [v][RIN]{cue) — {cto}

(IBo] — [vl[R][A][C'o]){m’} =
[YIRIN o} — {am}  (40)

or

A9} = {a} (41a)

and

{ne} = [47){a} (41b)

Once the unknown tip values, {#r}, have been determined
the resultant blade responses can be calculated by 1) either
going through the blade equations once more with these
values in place of the previously unknown Zz, 0%, X+, and
07F or 2) multiply the tip values by blade matrices, similar
to the root matrix, which have been saved for each station
during the blade integration.

Figures 10 and 11 show the fourth-, fifth-, and sixth-har-
monic blade responses for the sample 150-knot helicopter.
Note that blade root deflections have a finite value, indicat-
ing rotor head motion.

Fig. 9 Blade-fuselage coupling.
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Fig. 10 Flatwise blade response; ¥V = 150 knots, & = 222
rpm, gross wt = 13,600 1b.

Fuselage Dynamics

To calculate the coupled blade-fuselage forced response, it
is first necessary to calculate the fuselage forced response at
n/rev to the three unit fixed system forces and moments
(S, Sy, 8oy Moy My, M..).  This yields the fuselage response
or impedance matrix [R]. As has been seen, this is then used
to obtain the coupled blade response and resulting blade
root shears. Fixed system exciting forces are now obtained
readily by using the [A] transformation matrix, Eq. (38).
Final fuselage response is then calculated by multiplying the
initial responses, obtained for unit loads, by the final fixed
system forces and moments.

The method used for calculating the fuselage forced re-
sponse is similar to that given in Ref. 5. Derivation of the
method is presented in Appendix C. Response of the fuse-
lage in relative coordinates is obtained by application of
matrix equations (C15) and (C16). These are converted to
absolute coordinates by matrix equation (C17).

Using this method, forced vibration response of a free-
free beam is obtained by direct inverse solution of the fuselage
dynamic matrix. Steps in the solution consist of the follow-
ing:

1) Define the panel-point mass breakdown of the fuselage.
From this form the mass matrix [ ].

2) Knowing the fuselage structural EI and GJ distribution,
solve for influence coefficients for the previously designated
panel-points. From this form the influence coefficient
matrix [K1].

3) Write fuselage absolute coordinates in terms of relative
coordinates and obtain the  transformation matrix [A].
Carry along the ignorable or rigid-body coordinates as the
last rows of this matrix.

4) Form the generalized mass matrix by carrying out the
matrix multiplication [N ][M][A]. This yields the [M]
matrix.

5) Form the force column matrix, knowing the coordinate
locations and magnitudes of external exciting forces. Con-
vert to generalized force by premultiplying by [N'].

6) The problem now is that the generalized mass matrix is
not compatible with the [K~!] matrix, being larger by rows
and columns equal to the number of ignorable coordinates.
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Fig. 11 Edgewise blade response; ¥V = 150 knots, 2 = 222
rpm, gross wt = 13,600 1b.

These coordinates are separated by partitioning as shown in
Appendix C. The solution can then be obtained by direct
matrix substitution into matrix relations (C15-C17).

Separation of the rigid-body coordinates as given in Ap-
pendix C is in essence application of the free-free boundary
conditions to the system. For a vertical vibration analysis,
these would require that the sum of translational forces (ex-
ternal and inertia) be zero, and also that the sum of rota-
tional moments be zero. Diagonal elements of the 2 X 2
matrix [6] would be found to contain the total mass and
mass moments of inertia of the system, respectively. The
two off-diagonal elements would be equal and contain total
static mass moments.

In summary, response of the fuselage to vibratory forces
can be determined by the method described here, or by other
standard vibration analysis techniques. A Myklestad-type
solution, such as given for the rotor blades, might be used,
as might a direct Newtonian or inertia-force method.

Part II: Discussioh of Results

Comparisons with Flight Test Data

Figures 12 and 13 show a comparison at 110 knots between
calculated airloads and those measured in flight on an H-34
helicopter blade. Constant inflow was taken in the analysis.
The test helicopter was instrumented by Sikorsky Aircraft
under U. S. Army TRECOM contract. Pressure pickups
and strain gages were placed at various radial locations along
the blade. Flight tests were conducted by NASA at Langley
Field, and preliminary results of tests were released in Ref. 4.
Measured data presented in Figs. 12 and 13 are for six of the
seven pressure pickup locations. The comparison shows
relatively good agreement between lower harmonics of
measured and calculated airloads, particularly at blade out-
board stations. But differences between the curves could
contribute to substantial differences for the higher harmonies.

Results of blade stress correlation with constant inflow are
illustrated in Figs. 14-16. Here, calculated and measured
flatwise blade stresses are compared for the 8-61 helicopter.
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Fig. 13 Comparison at 110 knots between ealculated air-
loads and those measured in flight on an H-34 helicopter
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For this case, as with the sample problem, analytical blade
stresses were obtained by superposition of 11 harmonics of
blade dynamic response. For rotor blade design, maximum
vibratory stress is taken as one-half the peak-to-peak value
per revolution at the critical blade station. Figure 14 gives
a comparison between calculated and measured -critical
vibratory stress vs airspeed. Figures 15 and 16 present
a comparison between calculations and test of the radial dis-
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tribution of one-half peak-to-peak stress for the S-61 at 100
and 120 knots.

Using constant inflow, the method of analysis described
shows good agreement with measurements in predicting per-
formance. This is illustrated by Fig. 17. Here, calculated
and measured power are shown to compare favorably for the
S-61 at 2-gross wt conditions. The computed values in-
clude power required for the tail rotor and accessory drives.
Coefficients of drag were incremented by a ACp, = 0.002 to
account for additional roughness of the actual blade over a
highly polished wind tunnel specimen. Note that good
agreement is achieved even at low airspeeds, where effects
of variable inflow have been shown to be large. This indi-
cates that these airloads provide performance results con-
sistent with standard performance caleulations in use.

Sample Problem Results

Returning to the sample problem, Fig. 18 gives the change
in location of the resultant thrust vector with increase in
forward speed. As previously described, location of the
thrust vector is estimated in initiating the aerodynamic
solution then converged upon when the calculation is re-
peated. Location of the thrust vector can be more closely
approximated on the first solution, if a curve such as shown
in Fig. 18 is carried along as calculations proceed to higher
airspeeds.

Figure 19 shows collective and cyclic pitch vs airspeed.
Similar to the thrust vector plot, this may be carried along



2376 W. GERSTENBERGER AND E. R. WOOD

o

2

& 2000
oL

1 v

2

o) 19,000 1B
a.

w

)

(-3

g

— 17,206 18
U

<

T

w

w 10004
4

G}

z

w

FLIGHT TEST
©  CALCULATED

100 200
AIR SPEED, KNOTS

Fig. 17 S-61 helicopter performance comparison; gross
weight as shown, @ = 203 rpm.

for successive calculations. By this means, initial estimates
of collective and cyclic pitch can be improved.

Figure 20 gives a plot of airload vs blade azimuth posi-
tion for the 150-knot sample calculation. Results are shown
at 909, blade radius. It will be noted that the character of
this curve is similar to that shown by the flight test and cal-
culated airloads of the H-34 at 110 knots.

Figure 21 presents the rotor trim Lissajous figures at three
airspeeds: 80, 120, and 160 knots. The plots reveal that
as airspeed increases, thrust moments on the advancing
and retreating blades (¢ = 90° and ¢ = 270°) diminish.
Larger thrust moments are needed on the blade in the for-
ward, ¥ = 180°, and aft, ¥ = 0°, positions to keep the rotor
in equilibrium. These plots bear out the contention that
the helicopter at high speeds flies on rotor blades in the ahead
and behind positions.

Figure 22 presents a plot of total engine horsepower vs
forward speed for the sample problem. For the plot, total
engine horsepower was determined by 1) finding power re-
quired for the total drag torque of rotor; 2) adding to this
the power required for a boundary-layer control system with
a drag-equivalent of 1.6 ft2, Ref. 14, p. 22; and 3) dividing
this total by 0.9 to allow for tail rotor and accessory power.

Of interest in high-speed flight is rotor drag, shown plotted
against forward speed in Fig. 23. Rotor drag is estimated
in initiating the aerodynamic solution, then solved for after
convergence of the cyclic pitch-thrust moment iteration.
The curve of Fig. 23 is seen to rise very sharply at higher air-
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Fig. 18 Change in location of resultant thrust vector with
increase in forward speed.
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Fig.19 Regquired collective pitch and required cyelic pitch
vs airspeed.

speeds. Rotor drag is determined as follows.
Referring to Fig. 6, let the differential thrust and drag on a
blade element at r be expressed as

dT = By(r) + niw [A.(r) sin(ny) - B.(r) cos(ny)] (42)
n=1

n= o

dD = by(r) + X [aa(r) sin(ny) + ba(r) cos(ng)] (43)
n=1

Then

R R
Rotor drag = b_c%sa_T [Z ax(r) — sinBo 2, Bl(r):l (44)
[ [

Tigures 10 and 11 show the fourth (4/rev), fifth (5/rev), and
sixth (6/rev) harmonies of calculated vibratory response for
the blade of the sample problem. The real curves represent
the sin(ny) component, and the imaginary represent the
cos(ny) component. Both flatwise and edgewise deflection
curves are shown. The flatwise forced response curves
shown in Fig. 10 can be seen to be essentially second mode in
character. This is explained by the fact that the natural
frequency of the second flatwise bending mode is near the
fifth harmonic (5/rev). The first flatwise bending fre-
quency is between 2 and 3/rev, and the third is near 8/rev.
Thus both are sufficiently removed from 4, 5, and 6/rev exci-
tation. The edgewise blade responses of Fig. 11 are seen
to be primarily first-to-second mode in character. The first
edgewise bending natural frequency is between 3 and 4/rev.
The strong influence of this mode can be seen in the 4/rev
response. Shapes of the 5 and 6/rev edgewise responses
are seen to be more second mode in character.

In studying the blade response curves it is interesting to
note the effects of hub motion. This is indicated by the
motion of the blade at the flapping hinges. For most cases
plotted, it is barely detectable. But the 6/rev edgewise
response shows substantial root motion. This indicates
that coupling effects can be important when investigating
higher mode response of rotor blades.

Plots representing the fuselage forced response for the
sample problem are given in Figs. 24-27. Shown in Fig. 24
is the 5/rev vertical response of the fuselage. It will be
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Fig. 20 Airload vs azimuth for hsh; » = 150 knots, —4°
twist, r/R = 0.90.
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noted, as with the blades, that the sin(ny) and cos(ny)
fuselage motions are plotted separately. The fuselage of the
sample problem has a first vertical bending mode at 500 cpm
and a second vertical bending mode at 1241 cpm. The 5/rev
exciting frequency is 1110 e¢pm. The resulting fuselage
forced response can be seen to be first-to-second mode in
character.

Figures 26 and 27 show corresponding 5/rev lateral-torsion
response of the hsh fuselage. Lateral and torsional com-
ponents of the coupled response have been plotted separately.
For the fuselage considered, the first lateral mode response
of the coupled lateral-torsion system occurs at 342 cpm, the
second at 1268. For the torsional component, corresponding
frequencies are at 817 cpm and 1942 cpm, respectively.
Thus, for both components the frequency of excitation lies
between the first and second modes.

Given in Fig. 25 is a plot of vertical cockpit vibration levels
vs forward speed. Values given will be noted to be quite low,
0.035 g’s at 150 knots. As will be discussed later, these low
calculated vibration levels are attributed to constant inflow.
Studies show that variable inflow must be taken into account
to accurately predict fourth, fifth, and sixth harmonics of rotor
blade airloads.

Figures 28-30 are the results of blade stress calculations
for the sample problem. TFigure 28 shows flatwise bending
stress vs blade azimuth position at the blade station of maxi-
mum vibratory stress for the 150-knot condition. Indicated
on the plot is the manner in which the one-half peak-to-peak
stress is determined. Figure 29 gives the radial distribution
of one-half peak-to-peak stress at three airspeeds; 120, 150,
and 170 knots. It can be seen from the plots that there is
an outward shift of the point of maximum stress as airspeed
increases. Increase in maximum flatwise vibratory stress
with increase in airspeed is presented in Fig. 30.
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Fig. 22 Forward flight performance, sea level.
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General Discussion

Primary emphasis in this paper has been on development
of method. A method of analysis has been described, which
can be used to explore effects of flight, rotor, blade, and
fuselage parameters on resulting blade motions, blade
stresses, fuselage vibrations, and performance of articulated
and rigid rotor systems.

In deriving the basic equations, certain key points were
kept in mind. The equations in general, and in particular
for the blade, are set up to be as flexible as possible so that
the analysis is suitable for studies of a wide range of heli-
copters and VTOL-type aircraft. There are provisions for
handling rotor and propeller blades of all types: rigid,
teetering, and articulated. Small angle assumptions were
avoided in many portions of the analysis to accommodate a
wide range of flight conditions and configurations such as a
tilt-wing aircraft.

Other features are included in the analysis. In the calcu-
lation of aerodynamic loads there is provision for variable
inflow. Blade stall and compressibility are included by
taking into account reverse flow and Mach number. Two-
dimensional airfoil data are incorporated for angles-of-attack
up to 360°, since a wide range of angles-of-attack of blade
element are encountered by the rotor at high advance ratios.
Addition of extra blade stations or degrees of freedom does
not increase the number of blade simultaneous equations to
be solved. The elastic analysis requires writing the equa-
tions for forces and moments on an element. The computer
performs th2 integration. Flatwise-edgewise blade deflec-
tions with coupling due to twist are included. Blade loads
and motions are coupled to the rotor head. For the com-
bined blade and fuselage forced response, a closed form solu-
tion is used. Complex notation is used to provide proper
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Fig. 23 Effect of air speed on rotor drag.
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phasing of element responses for the blades and fuselage,
simplifying the introduction of aerodynamic and lag damping
in the blade equations. Similarly, structural damping is
provided in the fuselage dynamie response.

The blade analysis, which has been described, can also be
used to calculate blade flatwise and edgewise natural fre-
quencies by the method of Ref. 7. To find a natural fre-
quency of the rotor blade, a frequency w is assumed, and
shears, moments, slopes and deflections are caleulated, ele-
ment by element from the tip of the blade to the root. Ap-
plication of root houndary conditions yields a determinant
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Fig. 30 Maximum vibratory stress vs airspeed.

at the root. The condition to satisfy the equations is that
the determinant must go to zero. When this occurs one has
a natural frequency. The method given in Ref. 11 can be
used for obtaining a good first estimate of frequency.

The coupled blade-fuselage vibration analysis may be
applied to other types of rotor systems. Consider the case
of infinite rotor head impedance for several types of rotor
systems. Here, boundary conditions become as follows:

Teetering Rotor with n-Blades

6F =0 Zy=10 6% =0 X, =0 (45)
for 0, m, 2n, 3n . . ., etc., harmonics.
MfF =0 Zy =0 6,7 = 0 Xo=0 (46)
for all other harmonics.
Rigid Rotor
6,F = 0 Zy =0 0% = 0 Xo=0 47
Articulated Blade with Centering Spring
My =0 Zy =0
MoE — Kgby® =0 Xo=0 (48)
Freely Flapping Blade, Chordwise Restraint
MyF =0 Zy =0 6 = 0 X, = 0(49)

Conventional Articulated Blade with Vertical Spring and
Damper at Hinge

MOF = 0 SOF - KvZ() hd qu;CdZQ = O
MoE — jCocobe® = 0 Xo =0 (50)
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For each rotor system, coupling of blades to the fuselage
would be taken into account by 1) relating forces and mo-
ments at the root of the blade in rotating coordinates to the
three fixed system shears and three fixed system moments
acting at the center of the rotor head; 2) relating displace-
ments and rotations at the root of the blade in rotating co-
ordinates to fixed system displacements and rotations at the
center of the rotor head; and 3) following the procedure
outlined in this paper for calculating the coupled blade-
fuselage response.

A Drief discussion of accuracy follows. The ecoupled
blade-fuselage response requires inverting a 12 X 12 complex
blade matrix. It has been pointed out by Horvay® and
others that considerable accuracy is necessary in solution of
a rotor blade’s forced response. Horvay recommends 10
decimal digits. The method used here is similar, being essen-
tially a step-by-step integration of the blade dynamic equa-
tions, from tip to root. Accuracy problems were compounded
in this case by coupling three blade dynamic responses to-
gether. Here, conventional matrix iInversion techniques
were found to be inadequate, even using double precision
(17 decimal digits). This was attributed to the large prod-
uets obtained, and small differences of large numbers. How-
ever, Crout’s method!? % was found to be satisfactory, even
in single precision (8 + decimal digits). This method does
not depend on carrying out long repeated multiplications.
Instead, it is based on first normalizing, then subtracting
suceessive equations.

No discussion on helicopter dynamics is complete with-
out some comments on the problem of variable induced ve-
locity. For the high-speed helicopter, the two major prob-
lems are developing sufficient power to attain the desired
speed and limiting blade stresses to a low enough value for
structural reliability. These two problems are adequately
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Fig. 31 Four point graphical solution for rotor trim.

defined by the assumptions made in this paper of constant
induced velocity. However, in order to investigate fuselage
response and cabin vibratory levels, the higher harmonies of
blade loadings must be more accurately defined. Better
deseription of these higher harmonies depends on variable
induced velocity.

The aeroelastic flow chart of Fig. 3 shows that either vari-
able induced velocity or constant induced velocity may be
used to generate the aerodynamic loads. Sufficient calcu-
lations have been run with various types of induced velocity
assumptions to show that blade stresses and power available
depend largely on the steady, first- and second-harmonic
components. Above 100 knots, these can be defined with
sufficient accuracy by a constant induced velocity program.
These programs also show that much higher responses are
obtained in the fuselage using variable induced velocities,
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and that these increases are necessary to correlate with actual
flight conditions. Results of the computation for fuselage
response with constant induced velocity are shown in Fig.
25 and indicate very low levels. A helicopter would nor-
mally experience about 0.5 g at 160 knots. These levels
can be obtained by reasonable but not completely justifiable
assumptions in the variable induced velocity. Responses
in the transition range below 70 knots were not plotted because
in this region it is fairly obvious that variable induced ve-
locity definition must be used.

The analysis presented herein is dependent on the IBM
7090 computer for providing the designer with an accurate
and useable tool. Results of variable inflow analysis such
as given in Refs. 1-3 and 10 are encouraging. These indi-
cate the problem can be solved by extensive machine calcu-
lations. But simpler and more accurate procedures are
required in variable inflow analysis before the designer will
have a practical tool for the complete problem, even with the
aid of high-speed computers.

Conclusions

A method of analysis has been described, which makes
it possible to consider helicopter aerodynamics, blade dynam-
ics, and fuselage dynamics simultaneously. The method
has been carried through for a typical high-speed helicopter.

Fig. 32 Fuselage forced vibration analysis.

In addition, results have been compared with flight test
data from an H-34 and S-61 helicopter. Conclusions from
these studies are as follows:

I) Using constant induced velocity, 1) the analysis satis-
factorily predicts lower harmonics of airloads at speeds above
100 knots; 2) good agreement was achieved between meas-
ured and calculated one-half peak-to-peak flatwise vibratory
blade stresses at speeds above 100 knots; 3) the analysis
correlates well with measured helicopter performance, even
at speeds below 100 knots; and 4) predicted fuselage inflight
vibration levels are much lower than flight-measured values.

II) In view of the lack of larger higher harmonic responses
of blades and fuselage, it is apparent that the most probable
area of improvement is a better definition of induced ve-
locity distribution in order to 1) accurately predict higher
frequency airloads and blade stresses at all airspeeds; 2)
correlate one-half peak-to-peak blade stresses below 100 knots;
and 3) analytically determine inflight fuselage vibration
levels at all airspeeds.

IIT) Treatment of the entire helicopter aercelastic prob-
lem, as described, is made possible only by use of high-speed
digital computers. The many calculations include 1) an
aerodynamic iteration at close azimuth intervals; 2) step-
by-step integration of 24 blade stations by 8 simul-
taneous equations; 3) inverting a 12 X 12 complex matrix;
and 4) solving the response of a multi-degree-of-freedom fuse-
lage dynamic system. The addition of variable inflow, by
extending the numerical work required, will further enforce
the need for high-speed computers.
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Appendix A: Graphical Method for Selution
of Rotor Trim

Solution of rotor trim by the graphical method is shown
in Fig. 31. The sample presented is a four-point approximate
solution for 90° blade azimuth intervals. . The method can
readily be extended to an eight-point determination. Results
are shown for the sample hsh helicopter at 150 knots.

First step in setting up the problem is to construct from
Eq. (6) lines of fy vs thrust moment at 0, 90, 180, and 270°.
Next, assuming the thrust to act at 0.7 radius, a vertical
line is erected, which represents the mean thrust moment
required from the rotor. For the example as shown in Fig.
31, this value is at 6.8 X 10%in.-1b.

Now a median line is drawn between the ¢ = 0° and ¥ =
180° lines. A similar median line is constructed representing
the average of the ¢ = 90° and ¢ = 270° lines. Following
this, & mirror image line is reflected back from the intersection
of the 0-180 median and the mean thrust moment vertical.
The intersection of this reflected line with the 90-270 median
represents the collective pitch required for flight. A vertical
line erected through this point immediately gives the values
of eyclic pitch required at 90 and 270°. Similarly, a vertical
erected through the intersection of the 0-180 median and
the collective line yields cyclic pitch required at O and 180°.
With this, constants necessary to define the cyelic pitch are
readily obtained as shown in Fig. 31 and given as

6y = 6 + 61, sing + 6, cosy (A1)

Shown in the upper right-hand corner of Fig. 31 is the
Lissajou figure, which results from the graphical solution.
Here it will be noted, the 90 and 270° points, as well as the
0 and 180° points, fall vertically in line. As only four points
have been used in the approximate graphical solution, there
can be no thrust moment components above the second har-
monic.

Appendix B: Rotor Blade Twist Coupling

Slope and deflection relationships for the blade and resultant
twist coupling terms are derived as follows. Let », », and ¢§
be slope due to moment, slope due to load, and deflection due
to load, respectively, of the blade about its flatwise principal
axis. Also, let V, U, and G be corresponding values about
the blade’s chordwise principal axis. Allowing for one dis-
continuity # in a station length 1, .., one obtains

B Mn,n41 ln,n+1 - Mn,nt+1
vt = | Wl T (s B
_ 1 [~ ﬂzn.n+l lzn,n+l — 772n.n+1]
Un,nt1 = 9 _(E'Iy)n+1 (EIy)n (B2)
_ 1 [~ 773n,n+1 l3n,n+1 - 7]3n,n+1}
gn,n-{-l - 3 _(Ely)n_H (E[y)n (B3>

The expressions for V, U, and G are the same, except that
Ely is replaced by Elz. Now, take the blade element
feathered at an angle, B8, to the reference plane at right
angles to the axis of rotation (Fig. 4). Here, 8 would include
twist B and blade feathering 4. Then, the slope and de-
flection relationships, as given in Eqs. (B4-B12), are

Vi = Vi sin?8 + 04,041 c0s*G (B4)
Vo = Vae = (Vanaa — Unnia) sinf cosf (B5)
Uze = Upynga SIN2B + Un, nyy €OS26 (B6)
Uze = Usze = (Unnp1 — %Un,na1) SinG cosB (B7)
Gez = G nyr SIN2B + go ny1 cos?B (B8)

§ See Ref. 8, Egs. (9a-c).
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Gex = Gzz = (Gn,n+l - gn,n+1) Sinﬁ 0056 (Bg)

V:r::c = Vn,n+1 COszﬁ + vn,n+1 Sinzﬁ (BlO)
Uew = Un,n+1 00826 + Un,nt1 Sil'lzﬂ (B].l)
Goz = Gunya €08¥B + go,npa sin?B (B12)

Appendix C: Forced Vibration Analysis
with Damping (See Fig. 32)

Fuselage Forced Vibration Analysis

¢» = absolute generalized coordinate

g» = relative generalized coordinate

m, = lumped masses assigned to stations, n

k. = spring constants assigned to stations, n

F, = external vibratory forces or moments at particular
stations, n

Kinetic Energy

2T = [glIM){d} (C1)
Potential Energy
2V = [glIK]{ g} (C2)
Dissipation Function
2D = [gljgIK]{ g} (C3)
Work
W = [gl{F} (CH

The coordinates must be transformed to a common energy
plane:

¢ =qtoh +a
¢ =¢q¢+ 0k 4+ &
B =g+ 6ls + &
na = qo + OBoln + G 1
qn = qo + 0oln + Qn

Introduce dummy, or ignorable coordinates, go, fo. In matrix
form

C g1 ] rit 0 0 0 0 1 l1 T T @
Qe 010 00 1 [, da
qs 0 0 1 0 0 1 I gs |
Qn.—l 0 0 0 1 0 ]. ln—l Qn—l
Qn 0 0 0 01 1 1. dn
Qo 0 00 0 010 do
L @ t0 0 0 0 0 0 1 4 LGyu
or .
{gd = M4 (C5)
and
{gh = Mg (C6)
also ‘
lg] = [gln cn
from which,
o = VDN (c8)

Let N[M]\ = [M], then
2T = [§1[M1{ 3} (C9y
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Work

W = [gi{F} = [aN{F} (C10)
Generalized Force

(®) = d0W/0g = M{F} (C11)

Applying LaGrange’s equation,

1 (or\ _oT oV _ oD _ow
dt \0§ 07 ' 97 ' 07 93

(M1{d} + IK1{g} +jglK){a} = {®}
Assume,
{a} = {Q}ert
then
- M@} + [KI{Q} +jglK1{Q} = {®}  (C12)

Partitioning the matrices so as to separate those portions
that contain ignorable coordinates,

(][] [581 18]

Solving the simultaneous equations for @,

—wa — B57AN{G} + T + jo) [KI{Q} =
& — B67'd, (C13)

where [ is a unit matrix.

|4 - 1= + 1] @) -

wZ
[E]
[K)(®y w_2 B571®s) (C14)
[E]{Ql} - [K—l](él : 66—1¢2)
®
from which
{Ql} - [E—l][K—l](f; — B671d,) (C15)
where [K ~1]is the influence coefficient matrix
(@} = (—867Dp/0w?) — 6718'{ D4} (C16)
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and

{Q} =M@} (C17)

determines the absolute displacements of each panel point.
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